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Al. . , $n=0$ ,
,
A2. $K=$ $\{$ 1, $\cdot$ . . ’ $I\zeta\}$ .




(1) $n$ , , $k$
. , , .
(2) , $k$ ,
. $k$ $N(k)\subseteq K$ . , *) , $j$
$\mu(i$ , , .
, $i\neq j$ $\mu(i, j)>0$ , $\mu(k, k)=0,$ $k\in N$ (k) ,
. $e_{0}$ .
(3) , .
$.i$ $c_{i}>0$ . $\Phi 0$ .
(4) , $x$ , $1-q:(x)$




( Ql) $q_{i}$ ( x.) $x$ 1 , $q_{i}(0)=1,$ $\lim_{xarrow\infty}q_{i}(x)=$
$q_{i}^{\infty}\geq 0$ .
( Q2) $q_{i}$ (x) $x$ .
, 1 , .
(5) $n$ , $n-1$ .
A4. , $n=0$ .
, .
, . $k$
$e$ $N$ (k, $e$ ) , .
$N(k, e)\equiv$ { $.i\in N(k)|\mu$ (k, $i)\leq e$ } (1)
{ $p$ (k, $i$ ), $i\in K$} . , $p$ ( k, $i$) $\geq 0$ $i$ ,
$p(k, \cdot i)=0,$ $i\in K-N$ (k, $e$ ) , $\sum_{i\in N(h,\mathrm{e})}p$(k, $i$ ) $=1$ . ,
.
$P_{k}(e)=\{\{p(k, i)\}|p(k, i)\geq 0,$ $i\in N(k, e),p(k, i)=0,$ $i \in K-N(k, e),\sum_{:\in N(k,\epsilon)}p(k, \cdot i)=1\}$ . (2)
, $n$ $\{\varphi(i, n), i\in K\}$ . $\varphi(i, n)\geq 0$
, $\Phi$ .
, $\sum_{i}c_{i}\varphi(i, n)\leq\Phi$ , $N$ (k, $e$ )
, $\Psi(\Phi)$ , .
$\Psi(\Phi)=\{\{\varphi(i, n)\}|\varphi(i, n)\geq 0,$ $i\in N(k, e),$ $\varphi$ (i, $n$ ) $=0,$
$i \in K-N(k, e),\sum_{:\in N(k,e)}c_{\dot{l}}\varphi$
(i, $n$ ) $\leq\Phi\}$ (3)
$n$ $e$ $k$ $\Phi$
, $v_{n}$ (k, $e,$ $\Phi$ ) , $p$ (k, $i$ ) $i$
, $\varphi(i,$ \rightarrow $1-qi$ (\mbox{\boldmath $\varphi$}(i, $n)$ ) ,
, , ( , ) $(i, e-\mu(k, i))$
$\Phi’=\Phi-\sum_{i\in N(k,e)}c$ j\mbox{\boldmath $\varphi$}(i, $n$ ) $n-1$ .
, $(n, k, e, \Phi)$ , $p(k, i)q_{i}(\varphi(i, n))\geq 0$ $(n-1, i, e-\mu(k, i), \Phi’),$ $i\in N$ ( k, $e$ )
, $\sum_{i\in N(k,e)}p(k, i)$ ( $1-q_{i}$ (\mbox{\boldmath $\varphi$}(i, $n))$ ) $<1$ . ,
,
$[8, 9]$ , $n=0$
. ,
, . ,
$v_{n}$ (k, $e,$ $\Phi$ ) .
$v_{n}$ $(k, e, \Phi)=$
$\varphi\in \mathrm{m}$ax) $\min_{p\in P_{k}(\mathrm{e})}\sum_{j\in N(k,e)}p(k, i)\{(1-q_{i}(\varphi(i, n)))+q_{i}(\varphi(i, n))v_{n-1}$ ( $i,$ $e-\mu$ (k, $i),$ $\Phi-\sum_{j\in N(k,\mathrm{e})}c\mathrm{j}\varphi(j_{l}n)$) $\}$
$=1- \min_{\varphi\in\Psi(\Phi)}p\in P_{k}(\mathrm{e})\max$
$\sum$ $p(k, i)\{1-\cdot v_{n-1}$ ( $i,$ $e-\mu$ (A, $i$ ), $\Phi-\sum_{j}$ cj $\varphi$(j, $n)$ ) $\}q_{*}.(\varphi(i, n))$ . (4)
$j\in N(k,\mathrm{e})$
$n=0$ $v($ . $)$ .
$v_{0}(k, e, \Phi)=0$ (5)
155
, $\Phi=0$ , Ql ,
, $n=1$ $v_{r\iota}(\cdot)=0$ .
$.v_{n}(k, e, 0)=0$ (6)
$e=0$ , A3(2) $N($ &, $e)=\{k\}$ , $k$
, . (4) .
$v_{n}(k, 0, \Phi)$ $=$ 1- $\min_{k0\leq\varphi(,n)\leq\Phi/c_{k}}\{1-\cdot v_{n-1}(k, 0, \Phi-c_{h}\varphi(k, n))\}q_{k}(\varphi(k, n))$ (7)
: $v_{1}$ (k, 0, $\Phi$ ) $=$ $1-q_{k}(\Phi/c_{k})$ (8)
$q_{k}($ . $)$ ,
.
( Q2’) $\log qi$ (x) $x$ .
( Q2) , $\varphi(kn)\}=\varphi(k, n-1)=\cdots=\varphi(k, 1)=$
$\Phi/c_{k}/n$ .
(9)$v_{n}(k, 0_{l} \Phi)=1-\{q_{k}(\frac{\Phi}{nc_{k}})$ }
$n$
$h_{n}$ (k, $e,$ $\Phi$ ) $\equiv 1-v_{n}$ ( k, $e,$ $\Phi$) (4) .
$h_{n}$
$(k, e, \Phi)=\min_{\varphi\in\Psi(\Phi)}p\in P_{k}(\mathrm{e})\max$
$\sum$ $p(k, i)h_{n-1}$ ( $i,$ $e-\mu(k,$ $i),$ $\Phi-\sum_{j}$ Cj $\varphi$(j, $n)$ ) $q_{\dot{*}}(\varphi(i, n))$ . (10)
$i$ EN $(k,e)$
$n=0$ , $\Phi=0$ .
$h_{0}(k, e, \Phi)=1$ , $h_{n}(k, e, 0)=1$ (11)
$v_{n}$ $($ . $)$ , (10)
, 1
. , $e=0$ , ( Q2’) .
(12)$h_{n}(k, 0, \Phi)=\{q_{k}(\frac{\Phi}{nc_{k}})$ }
$n$
, , ( Q2’)
, (10)
. , , $n$ $\Phi’$
, $\Phi’$ .
$h_{n}$ $(k, e, \Phi)=$ $\min$ $\min$
$0\leq\Phi’\leq\Phi\varphi\in\Psi_{n}(\Phi’)p\in 1_{k}\mathrm{a}(e)1\mathrm{x}$
$\sum$ $p(k, i)h_{n-1}(\prime i, e-\mu(k, i), \Phi-\Phi’)$ qi $(\varphi(i, n))$ . (13)
$i$ EN $(k,e)$
, $\Psi_{n}$ (\Phi ’) .
$\Psi_{n}(\Phi’)=\{\{\varphi(i, n), i\in K\}|\varphi(.i, n)\geq 0,$ $i\in N(k, e),$ $\varphi$ (i, $n$) $=0,$
$i \in K-N(k, e),.\sum_{1\in N(k,\mathrm{e})}c_{i}\varphi$
(i, $n$ ) $=\Phi’\}$
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3 1
, $\Phi,$ $\Phi’$ , (13) , $\min_{\varphi\in\Psi_{n}(}$ \Phi ’)
. , $h_{n-1}$ (i, $e-\mu$ ( $k_{1}i$), $\Phi-\Phi’$ ) $\beta_{i}$ ,




[5] , , . 1
, 1 $pj$
, $\Phi’$
, $q_{k}$ $($ . $)$ $[1, 2]$ .
$qk$ $($ . $)$ .
$\varphi i$ $\varphi:\geq 0,$ $i\in A,$ $\sum i\in Ac$j $\varphi i=\Phi’$ , $p_{i}$ $pi\geq 0,$ $i\in A,$ $\sum$i5A $p_{i}=1$
. ,
$\max\{p_{1}.\}\sum_{i\in A}p_{i}\beta$i $q_{i}( \varphi_{1}.)=\max\beta j$i $q_{j}(\varphi_{i})$ (15)
, (14) .
$(P_{0})$ $\min\rho$
$s.t$ . $\beta$iqi $(\varphi_{i})\leq\rho$ , $i\in A$
$. \sum_{*\in A}c_{i}\varphi i=\Phi’$
$\varphi i\geq 0,$ $i\in A$
1 , 2 3 $\nu j\geq 0,$ $\lambda$ , $\eta_{1}$. $\geq 0$ ,
$L( \rho, \varphi;\nu, \lambda, \eta)=\rho+\sum_{i}\nu$i $( \beta_{i}q_{i}(\varphi_{i})-\rho)+\lambda(\sum_{i\in A}c_{i}\varphi:-\Phi’$) $- \sum_{j}\eta$i $\varphi$ i
, Karush-Kuhn-Tucker (K-K-T ) .
$\partial$L/$\partial\rho=1-\sum_{}\nu i=0$ (16)
$\partial$L/ $\partial\varphi i=\beta$i $\nu$iq; $(\varphi_{i})+\lambda ci-\eta i=0,$ $i\in A$ (17)
$\nu_{i}(\beta:q:(\varphi:)-\rho)=0,$ $i\in A$ (18)
$\eta$i $\varphi i=0,$ $i\in A$ (19)
$\sum_{i}c_{i}\varphi i=\Phi’$ (20)
$\beta_{i}q_{j}(\varphi:)\leq\rho$ (21)
$\varphi_{i}\geq 0,$ $i\in A$ (22)
$\nu_{i}\geq 0,$ $\eta i\geq 0,$ $i\in A$ (23)
$\varphi_{i}>0$ , (19) $\eta j=0$ , (17)
$\beta$ib $iq_{i}’(\varphi_{j})=-\lambda$ c$i$ (24)
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. $q_{i}’(\cdot)$ $q_{i}’-1($ . $)$ , $\varphi=q_{j}’-1$ (-\lambda q/\mbox{\boldmath $\nu$}i\beta .
$\varphi_{i}=0$ , $\eta_{i}\geq 0$ $\beta_{\dot{f}}\nu_{i}q.((\mathrm{O})\geq-\lambda c$ i . , { $x>0$
$\beta_{i}\nu_{i}q_{i}’(x)>\beta_{i}\nu_{i}q_{i}’(0)\geq-\lambda c_{i}$ (24) $\varphi j=0$ . , $q_{i}’(0)\geq y$
$y$ [ $q_{\dot{\mathfrak{g}}}’-1$ (y)]” $=0$ , $q_{i}’(0)<y<q_{i}^{\prime\infty} \equiv\lim_{xarrow\infty}q_{j}’(x)\leq 0$ $y$ $[q_{i}’-1(y)]^{+}=q_{i}’-1$ ( y),
$q_{i}^{\prime\infty}<y$ $[q_{i}’-1(y)]^{+}=\infty$ $[q_{i}’-1(\cdot)]^{+}$ , $\varphi j$ .
$\varphi i=[q_{i}’-1(-\lambda c_{j}/\nu_{i}\beta_{i})]^{+}$ (25)
, (20)
$G( \lambda)\equiv\sum_{i\in A}c_{j}[q_{j}’-1(-\lambda_{\mathrm{C}_{1}}\cdot/\nu_{j}\beta_{i})]^{+}=\Phi’$
, $G$ (\lambda ) $\lambda$ , $\lambda\max\equiv\max_{i}$ ( $-\nu_{i}\beta$i $qi(0)/c_{i}$ ) $>0$ $G(\lambda_{\max})=$
$0$ , $\lambda_{min}\equiv-\mathrm{m}\mathrm{i}\mathrm{n}j\nu$i\beta i $q^{\prime\infty}\dot{.}/c_{i}\geq 0$ $lf$ $\mathrm{l}\mathrm{i}\mathrm{m}_{\lambdaarrow\lambda m\cdot n+}G(\lambda)=\infty$ . , $\lambda\in$
$(\lambda_{m;n}, \lambda_{\max}]$ $G(\lambda)=\Phi’$ , $\lambda>0$ . , (21) $\rho>0$
. , $\varphi_{i}>0$ $\beta_{*}.\nu_{i}q’.\cdot(\varphi j)=-\lambda c_{i}$ , $\nu_{*}$. $=0$
$\nu:>0$ . , (18)
$\beta$iqi $(\varphi_{j})=\rho$ (26)
. ,
$\varphi i=q_{}^{-1}(\rho/\beta_{i})=q_{j}’-1$ ( $-\lambda$c$i/bi$ [i) (27)
. , $q_{i}’(q_{i}^{-1}(\rho/\beta j))=-\lambda c_{i}/\nu_{\dot{*}}\beta_{i}$ ,
$i=-\lambda c_{i}/\beta_{:}/q_{j}’$ $(q_{\dot{*}}^{-1}(\rho/\beta_{j}))$ (28)
(21) $\beta_{i}q:(\varphi_{1}.)\leq\rho$ , $\beta_{i}q_{i}(0)=\beta_{\dot{l}}\leq\rho$ $\varphi j>0$ $\beta_{:}q\{(\varphi_{i})<\rho$ , (18)
$\nu j=0$ . , $\varphi_{i}=0$ . , $\varphi j>0$ $\beta_{i}>\rho$
, $\nu_{i}>0$ . , $\varphi_{i}$ .
$\varphi i=$ { $q_{i}^{-1}(\rho/\beta_{i})if\beta i\geq\rho$, 0 if $\beta i<\rho$ } $(29)$
, (28) (16) ,
$\sum_{\{i|\beta,\geq\rho\}}(-.\frac{\lambda c_{i}/\beta_{\mathrm{i}}}{q_{\dot{*}}’(q^{-1}|(\rho/\beta_{i}))})=1$
, $U_{\rho}\equiv\{i|\beta j\geq\rho\}$ $\rho<\rho’$ $U_{\rho}\supseteq U_{p’}$ , $()$ $\rho$






$-\lambda$c$i$ /[ $i$ /q((q$j-1(\rho/\beta_{i})$ ), $i\in\{j\in A|\beta j\geq\rho\}$






, $\rho$ ( $\max_{i}\beta_{i}q_{i}^{\mathrm{c}\mathrm{o}}$ , maxj $\beta_{i}$ ] , (\infty , 0] ,
. , . (32) $\rho$ ,
1 (14) . (29) (30) ,
$\{\varphi_{i}\}$
$\lambda$ . , (31) $\{\nu_{i}\}$ .
$(P_{0})$ $\{p_{i}\}$ , (15) , $\beta_{i}<\rho$
.$i$ =0 . $p_{i}$ $\{\varphi_{i}\}$
$\min_{\varphi}\sum$i
$p_{i}\beta_{\mathrm{i}}q_{i}$ (\mbox{\boldmath $\varphi$}i) K-K-T ,
$p_{i}^{*}\beta_{i}q_{i}’(\varphi_{i})+\lambda$ Ci $-\eta i=0,$ $\eta$i $\varphi i=0,$ $\sum_{i}c_{i}\varphi i=\Phi_{\mathrm{J}}’\varphi i\geq 0,$ $\nu i\geq 0,$ $\eta i\geq 0$
, $\varphi i>0$ $\eta_{i}=0$ $p_{j}^{*}\beta jq_{i}’(\varphi j)=-\lambda c$i, $p_{\dot{*}}^{*}=-\lambda c_{*}./\beta_{i}/q_{j}’(\varphi_{\mathrm{i}})$ , (27)
, (28) . , =0 , $p_{i}$
$(P_{0})$ $\nu$: . (31) $\lambda$ (30)
(29) , .
$p_{\dot{*}}=\{$
$c_{j}/ \beta_{i}/q_{i}’(\varphi_{j})/\sum_{\{j,\beta_{j}\geq\rho\}}c_{j}/\beta_{j}/q_{j}’$. $(\varphi_{j})$ : $i\in\{j\in A|\beta_{j}\geq\rho\}$
0: $i\not\in\{j\in \mathrm{A}|\beta_{j}\geq\rho\}$
(33)
, $n=1$ $h_{1}$ (k, $e,$ $\Phi$ ) . $h_{0}(k, e, \Phi)=1$ ,
(10) (14) 1 $\beta_{\dot{\iota}}=1$ . $\rho>1$ ,
$A_{1}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $=\emptyset$ , $i$ $p^{*}(k, i)=0$ . $\rho\leq 1$
, $A_{1}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $=N$ (k, $e$ ) , 1 $h_{1}$ ( k, $e,$ $\Phi$ )
$\sum$ $c_{i}q_{\dot{*}}^{-1}(\rho)=$. $\Phi$ (34)
$\mathrm{i}\in N(k,e)$
$\in(\max_{i}q_{i}^{\infty}, 1]$ , .
$\varphi^{*}(i, 1$ ) $=$ $q_{\mathrm{i}}^{-1}(\rho^{*}),$ $i\in N(k, e)$ (35)
$p^{*}(k, i)$ $=$ $c_{i}$ /q; $(\varphi^{*}(i, 1))$ /$\sum_{j\in N(k,\mathrm{e})}c$j/q0 $(\varphi^{\mathrm{r}}(j, 1))$ . $\cdot i\in N(k, e)$ (36)
, 1 (13) $\min_{\varphi\in\Psi_{\mathrm{n}}}$ ( ’) $\max_{p\in P_{k}(}$ e)
, .
$A_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ; $\rho$ ) $\equiv$ { $i\in N($k, $e)|\rho\leq h_{n-1}($ i, $e-\mu(k,$ $\cdot i),$ $\Phi-\Phi’)$ } ,
$\sum_{i\in A_{n}(k,e,\Phi,\Phi_{j}’\rho)}c_{i}q_{*}^{-1}$
.
$(\rho/h_{n-1} (i, e-\mu(k, i), \Phi-\Phi’))=\Phi’$ (37)
$\rho=\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) , .
$h_{n}(k, e, \Phi)=\rho$,, $(k, e, \Phi, \Phi")=$ $\min$ $\rho_{n}(k, e, \Phi, \Phi’)$ $(38)$
$\{\Phi’,0\leq\Phi’\leq\Phi\}$
, $\rho^{*}=h_{n}$ (k, $e_{\mathrm{J}}\Phi$ ) , $n$ $\varphi^{*}$ , $p^{*}$ .
$\varphi^{*}(i, n)=\{$
$q_{i}^{-1}$ $(\rho^{*}/h_{n-1}(i, e-\mu(k, i), \Phi-\Phi"))$ . $i\in A_{\mathrm{n}}(k, e, \Phi, \Phi^{\prime*} : \rho^{\mathrm{r}})$
0 : $i\not\in A_{n}(k, e, \Phi, \Phi’\sim\rho^{*})$
(39)
$p^{*}(k, i)=\{$
$\mathrm{C}j/h_{n-1}$ (z, $e-\mu$ ( $k,i$ ), $\Phi-\Phi^{\prime*}$ ) $/q_{i}’(\varphi^{*}(i, n))$
$/ \sum_{j\in A_{n}(k}$
,e,\Phi , /$;\rho .) $c_{j}/h_{n-1}(j, e-\mu(k,j), \Phi-\Phi^{\prime*})/q_{j}’(\varphi^{*}(j, n)),$$i\in A_{n}(k, e, \Phi, \Phi’*;\rho)*$ (40)




, (26) . ,




, $h_{0}$ (k, $e,$ $\Phi$ ) $=1$ , $n=$
$1,2,$ $\cdots$ (37)-(40) .
, . (34) $h_{1}$ ( k, $e,$ $\Phi$ ) $n=1$
, $n$ (38) $h_{n}$ ( k, $e,$ $\Phi$ ) ,
, .
4
Stone [10] , ,
, . , 2




A2’. $\mathrm{n}$ $R^{n}$ .
A3’. .
(4’) , $z\in R^{n}$ ,
$x$ $q_{Z}$ (x) . (
Ql) , ( Q2) .
, .. $cz$ : $z\in R^{n}$. $N$ (z): 2. $\mu(z, x)$ : $z$ $x$. $N(z, e):\equiv\{x\in N(z)|\mu(z, x)\leq e\}$ . 2 $e$. $A_{n}$ (z, $e,$ $\Phi,$ $\Phi’;\rho$) $:\equiv$ { $x\in N($z, $e)|$ \rho \leq h -l $($x, $e-\mu$ ( $z,$ $x$ ), $\Phi-\Phi’)$ }
$n$ \iota , $\Phi$ , $z$ , $e$ ,
$x$ $\{\varphi(oe), x\in R^{n}\}$ , 2
$x\in R^{n}$ {$p$ (x)} , .
$\Psi(\Phi)$ $=$ $\{\{\varphi(x)\}|\varphiarrowarrow\geq 0,$ $x\in N(z, e),$ $\varphi$(x, $n$ ) $=0,$ $oe\in R^{n}-N(z, e),$ $\int_{N(}$,, $\mathrm{e})\mathrm{C}\mathrm{g}\varphi(x)dx\leq\Phi\}$ $(41)$
$P_{Z}(e)$ $=$ $\{\{p(x)\}|p(x)\geq 0,$ $x\in N(z, e),p(x)=0,$ $x\in R^{n}-N(z, e),$ $\int_{N(Z,e)}p(x)dx=1\}$ . (42)
160
, $h_{n}$. (z, $e,$ $\Phi$ ) (10), (13), ( ) .
$h_{n}(z, e, \Phi)$ $=$ $\min$$\varphi\in\Psi(\Phi)\mathrm{p}\in P_{Z}(e)\max\int_{N(Z,e)}p(x)\cdot q_{X}(\varphi(x))\cdot h_{n-1}(x,$ $e-\mu(z, x),$ $\Phi-fN(z,\mathrm{e})^{c_{y}\varphi(y)dy)}dx$
$0 \leq\Phi’\leq\Phi\min_{\varphi\in\Psi.(\Phi^{J})}p\in P_{Z}(\mathrm{e})\max\int_{N(Z,e)}$$=$ $\min$ $p(x)\cdot q_{iB}(\varphi(oe))\cdot h_{\mathrm{n}-1}(x, e-\mu(z, x), \Phi-\Phi’)dx(43)$
: $h_{0}$ (z, $e,$ $\Phi$ ) $=1$ (44)
, $\mathrm{n}$ $R^{n}$ .




$s.t$ . $\int_{A}c_{X}\varphi(x)dx=\Phi’$ (46)
$\int_{A}p(x)dx=1$ (47)
$\varphi(\sim)\geq 0,$ $p(oe)\geq 0,$ $x\in A$ (48)
$\varphi(x),$ $p$ ( x) ,
. (48) $\varphi(x)=\phi^{2}$ (x), $p(x)=\gamma^{2}$ (\sim ) , $\nu,$ $\rho$
$L(x)\equiv\gamma\underline’(x)qx(\phi^{2}(x))\beta(x)+\nu cx\phi^{2}(x)-\rho\gamma^{2}(x)$
$I[ \phi,\gamma]=\int_{A}L(x)dx$ $[\phi, \gamma]$ $L$ (x) L/\partial \phi $=$
$0,$ $\partial L/\partial\gamma=0$ .
$\frac{\partial L}{\partial\phi}$ $=$ $2\phi$ ($\gamma^{2}\beta$(x) $\frac{\partial q_{X}(\varphi)}{\partial\varphi}+\nu c_{X})=0$ (49)
$\frac{\partial L}{\partial\gamma}$ $=$ $2\gamma(q_{X}(\phi^{\sim}’)\beta(x)-\rho)=0$ (50)
. (49) , $\phi(oe)\neq 0$ qx/\partial \mbox{\boldmath $\varphi$} $=-\nu c_{X}/\gamma^{2}/\beta(oe)$ , $q_{X}’(\varphi)\equiv\partial qx(\varphi)/\partial\varphi$ ,
$p(x)= \gamma^{2}(oe)=-\frac{\nu c_{X}}{\beta(x)q_{X}’(\phi^{2})}$ (51)
, (50) , $\gamma(x)\neq 0$
$q_{X}(\phi^{2})\beta(oe)=\rho$ (52)
. $p(x)=0(\gamma(x)=0)$ $x$ $\varphi(oe)=0$ , (52)
$\phi^{2}$ (x) , $\beta(oe)=q_{X}(0)\beta(x)\geq q_{X}(\phi^{2})\beta(x)=\rho$ . $q_{X}$ (\mbox{\boldmath $\varphi$}) $\varphi$
(50) , $\beta(x)<\rho$ $x$ $\gamma(x)=0$ , $\varphi(x)=0$ . ,
$\beta(x)q_{X}^{\infty}<\rho\leq\beta(x)$ $x$ (52) $\phi\underline’$ , $\varphi(x)=\phi^{2}(x)=q_{\overline{l}}^{1}(\rho/\beta(i\mathrm{r}))$
. (46) , $A_{\rho}\equiv\{x\in A|\rho\leq\beta(x)\}$ ,
$\int_{A_{\rho}}c_{X}q_{\overline{X}}^{1}(\rho/\beta(x))dx=\Phi’$ (53)
$\rho$ . , $\rho=\rho u\equiv\sup_{X\in A}\beta$(x) , $\rho=\rho_{L}\equiv\sup_{X\in A}\beta$(x) $q_{X}^{\infty}$
, $\rho\in(\rho L,$ $\mathrm{P}$U] , (53) $\rho$ .
161
, (47) , (51) $\int_{A_{\rho}}-\nu c_{X}/\beta(x)/q_{X}’$ (\mbox{\boldmath $\varphi$}) $dx=1$ , $\nu=-1/\int_{A_{\rho}}c_{y}/\beta(y)/q_{y}’$ (\mbox{\boldmath $\varphi$})dy
$\nu$ . (51) $p$ ( x) . ,
$\varphi(x)$ $=$ $\{$
$q_{\overline{X}}^{1}(\rho/\beta(x))$ : $x\in A_{\rho}\equiv$ { $x\in A|\rho\leq\beta$ (x)}
0 : $x\not\in A_{\rho}$
(54)
$p(x)$ $=$ $\{$
$c_{X}/ \beta(x)/q_{X}’(\varphi(x))/\int_{A_{p}}c_{y}/\beta(y)/q_{y}’(\varphi(y))dy$ . $x\in A_{\rho}$
0 : $x\not\in A_{\rho}$
(55)
, (53) $\rho$ .
$A,$ $\beta(x)$ , $h_{n}$ (z, $e,$ $\Phi$ ) $n$
$\varphi^{*}(x),$ $p$\sim x) .
$h_{n}(z, e, \Phi)=$ $\min$ $\rho_{n}(z, e, \Phi, \Phi’)$ $(56)$
$\{\Phi^{r},0\leq\Phi’\leq\Phi\}$
, $\rho_{n}$ (z} $e,$ $\Phi,$ $\Phi’$ ) $\rho>0$ .
$\int_{A_{\mathrm{n}}(Z,e,\Phi,\Phi’;\rho)}c_{X}q_{\overline{X}}^{1}(\rho/h_{n-1} (x, e-\mu(z, x), \Phi-\Phi’))dx=\Phi’$ (57)
, $n$ $\varphi^{*}$ , $p^{*}$ .
$\varphi^{*}(x)$ $=$ $\{$
$q_{\overline{X}}^{1}$ $(p/h_{n-1} (x, e-\mu(z, x), \Phi-\Phi’))$ -. $x\in A_{n}(z, e, \Phi, \Phi’; \rho)$
0 , $x\not\in A_{n}(z, e, \Phi, \Phi’; \rho)$
(58)
$p^{*}(x)$ $=$ $\{$
$c_{X}/h_{n-1}$ $(oe, e-\mu(z, x), \Phi-\Phi’)$/q$x(’\varphi^{*}(x))$
$/ \int_{A_{\mathrm{r}}(Z,e,\Phi,\Phi_{\mathfrak{i}}’\rho)}c$y/hn-1 $(y_{1}e-\mu(z, y),$ $\Phi-\Phi’)$ /q$y^{(\varphi^{*}(y))dy,x\in A_{n}(z,e,\Phi}’$ , $\Phi’$ ; $\ell$) $(59)$
0 , $x\not\in A_{n}$ $(z, e, \Phi, \Phi_{j}’\rho)$ .




$\in$ $( \sup_{X\in N(Z,\mathrm{e})}q;, 1)$ ,
$\varphi^{*}(x)$ $=$ $q_{\overline{X}}^{1}(\rho^{*}),$ $x\in N(z, e)$ (61)








. $h_{n}$ (k, $e,$ $\Phi$ ) ,
.
1(i) $h_{n}$ (k, $e,$ $\Phi$ ) , $n$ l . ,
$h_{n}$ $(k, e, \Phi)\geq h_{n+1}(k, e, \Phi)>0.$ (63)
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(ii) $h\mathrm{J},$ $e,$ $\Phi)$ $e$ .
(iii) $h_{n}$ ( k, $e,$ $\Phi$ ) $\Phi$ .
( ) (i) . . $n=1$
(34) , $h_{0}$ ( k, $e,$ $\Phi$) $=1\geq\rho=h_{1}$ ( k, $e,$ $\Phi$ ) . , $h_{1}$ ( k, $e,$ $\Phi$ ) $\geq h_{2}$ (k, $e,$ $\Phi$ ) $\geq$
$\ldots\geq h_{n-1}$ (k, $e,$ $\Phi$ ) $\geq h_{n}$ ( k, $e,$ $\Phi$ ) , *) $A_{n}($ . $)$ $A_{n}$ ( k, $e,$ $\Phi,$ $\Phi’$ ; $\rho$) $\supseteq$
$A_{n+1}$ (k, $e,$ $\Phi,$ $\Phi’;\rho$) , $q_{i}^{-1}($ . $)$ ,
$q_{*}^{-1}.( \frac{\rho}{h_{n-1}(k_{\mathrm{J}}e-\mu(k,i),\Phi-\Phi’)},)\geq q_{i}^{-1}(\frac{\rho}{h_{n}(k,e-\mu(k,i),\Phi-\Phi’)})$
, (37) $\rho$ $\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $\geq\rho_{n+1}$ ( k, $e,$ $\Phi,$ $\Phi’$ ) .
, $h_{n}$ (k, $e,$ $\Phi$ ) $= \min_{0\leq\Phi’\leq\Phi}\rho_{n}$ ( k, $e,$ $\Phi,$ $\Phi’$ ) $\geq\min_{0\leq\Phi’\leq\Phi}\rho_{n+1}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $=h_{n+1}$ (k, $e,$ $\Phi$) .
(i) , $h_{0}(\cdot)=1$ , $n=0$ . , $e\leq e’$ $N$ (k, $e$ ) $\subseteq$
$N$ (k, $e’$ ), $P_{k}(e)\subseteq P_{k}$ ( e’) , (10) $\# 2$ $h_{n-1}$ ( i, $e-\mu$ ( $k,$ $i$), $\Phi-\sum_{j}cj\varphi$ (j, $n)$ ) $\leq$
$h_{n-1}$ (i, $e’-\mu$ ( $k,$ $i$), $\Phi-\sum_{j}c_{j}\varphi$ (j, $n)$ ) $h_{n}$ (k, $e,$ $\Phi$) $\leq h_{n}$ (k, $e’,$ $\Phi$ ) .
(iii) $\Phi\leq\Phi’$ (10) $\Psi(\Phi)\subseteq\Psi(\Phi’)$ , . Q.E.D.
$1(\mathrm{i}\mathrm{i}),(\mathrm{i}\mathrm{i}\mathrm{i})$ $e$ , $\Phi$









( ) $k\in N$ ( k, $e$ ) , (40) $A_{n}$ ( k, $e,$ $\Phi,$ $\Phi^{\prime*};$ $\rho$*)
,
$\rho^{*}=h_{n}$ (k, $e,$ $\Phi$ ) $\leq h_{n-1}$ (k, $e-\mu$ ( $k,$ &), $\Phi-\Phi^{\prime*}$ ) $=h_{n-1}$ (k, $e,$ $\Phi-\Phi’$‘)
, 1 $(\mathrm{i}),/\mathrm{i}\mathrm{i}\mathrm{i})\backslash$ .
$h_{n}(k, e, \Phi)\leq h_{n-1}(k, e, \Phi)\leq h_{n-1}(k, e, \Phi-\Phi^{\prime*})$
Q.E.D.
, ( Q2 ’) .
1 $n=1$ $h_{1}$ (k, $e,$ $\Phi$) $\Phi$ . , $\log q_{k}(.x)$
$\log h_{1}$ (k, $e,$ $\Phi$ ) .






$\sum_{j\in N(k_{1}e)}c_{i}\{\frac{d^{2-1}q_{i}(\rho)}{d\rho 2}(\frac{d\rho}{d\Phi})^{2}+\frac{dq_{i}(-1\rho)}{d\rho}\frac{d^{2}\rho}{d\Phi^{2}}\}=0$ (64)










$qj$ (x) $q_{i}’(x)<0,$ $q_{j}’’(x)>0$ ,
$d^{2}\rho/d\Phi^{2}\geq 0$ . , .
, $\Gamma j(x)\equiv\log qj$ (x), $\sigma(\Phi)\equiv\log\rho(\Phi)$ $q_{i}’=r_{i}’\cdot \mathrm{e}$xp $r_{i},$ $q_{i}’’=(r_{i}’)^{2}\cdot \mathrm{e}$ xp $r_{\dot{*}}+$
$r_{j}’’\cdot \mathrm{e}$xp $r.\cdot$ $d\rho/d\Phi=\exp\sigma$ . $d\sigma/d\Phi,$ $d^{2}\rho/d\Phi^{2}=\exp\sigma$ . $d^{2}\sigma/d\Phi^{2}+\exp\sigma\cdot(d\sigma/d\Phi)^{2}$ (65) ,
$\exp r_{i}(y_{i}(\Phi))=q_{i}(y_{i}(\Phi))=\rho(\Phi)=\exp\sigma(\Phi)$ ,
$\sum_{i\in N(k,\epsilon)}c_{i}\{-\frac{(r_{i}’)^{2}\exp r_{i}+r_{i}’’\exp r_{\mathrm{i}}}{(r_{i}’\exp r_{i})^{3}}.(e^{\sigma}\cdot\frac{d\sigma}{d\Phi})^{2}+\dot{.}\frac{1}{r’\exp r_{i}}(e^{\sigma}\cdot\frac{d^{2}\sigma}{d\Phi^{2}}+e^{\sigma}$ $( \frac{d\sigma}{d\Phi})^{2})\}$
$= \sum_{:\in N(k,e)}c_{j}\{.\frac{(r_{\dot{\mathrm{t}}}’\exp r_{\dot{\mathrm{t}}})^{2}-(r_{1}’)^{2}\exp r_{i}\exp\sigma-r_{i}’’\exp r_{\dot{l}}\exp\sigma}{(r_{i}’\exp r_{i})^{3}}e^{\sigma}(\frac{d\sigma}{d\Phi})^{2}+\frac{1}{r_{j}’\exp r_{j}}e^{\sigma}\cdot\frac{d^{2}\sigma}{d\Phi^{2}}\}$
$= \sum_{\dot{\iota}\in N(k,\mathrm{e})}c_{i}\{-\frac{r_{i}’’}{r_{i^{3}}’\exp r_{i}}e^{\sigma}(\frac{d\sigma}{d\Phi})^{2}+\frac{1}{r_{i}’\exp r_{i}}e^{\sigma}\cdot\frac{d\sigma}{d\Phi^{\underline{9}}}\underline’\}=0$
, $r_{i}’<0,$ $r_{j}’’\geq 0$ $d^{2}\sigma/d\Phi^{2}\geq 0$ . Q.E.D.
(7), (8) , $e=0$ $k$ , $\Phi$
. , (9)
(Q2’) . , (Q2 ’) .
2 $\log q_{k}$ (x) $x$ , $\log h_{n}$ (k, $e,$ $\Phi$ ) $\Phi$ .
( ) 1 $n=1$ . , $n-1$
, $n$ . , $h_{n}$ (k’ $e,$ $\Phi$ ) $h_{n}$ (k, $\Phi$) ,
$h_{n-1}$ (i, $e-\mu$ ( $k,$ $i$), $\Phi$ ) $h_{n-1}$ ( i) $\Phi)$ . (38) $h_{n}$ (k, $\Phi$) , $\rho_{n}$ ( k, $e,$ $\Phi,$ $\Phi’$ )
$\min_{\varphi}\max_{p}\sum$ i5N(k,e) $p(k, i)h_{n-1}$ ( i, $\Phi-\Phi’$ ) $q_{i}$ (\mbox{\boldmath $\varphi$}(i, $n$ )) . , $0\leq\alpha\leq 1$
$\alpha\rho_{n}(k,$ $e,$ $\Phi_{1}$ , $\Phi$D $+$ $(1-\alpha)\rho_{n}(k, e, \Phi_{2}, \Phi\sim)$
$=\alpha$ $\min$
$\varphi_{1}\in\Psi_{n}(\Phi_{1}’)p_{1}\in P_{k}(e)\max$




$\sum$ $p_{2}(k, i)h_{n-1}$ ( $i,$ $\Phi_{2}-\Phi$S) $q_{\dot{l}}(\varphi_{2}(i, n))$
$:\in N(\mathrm{k},\mathrm{e})$
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, 1 $p_{1}$ $p_{2}$ $p$ ,
\geq ,$\min_{\varphi_{1}\in\Psi_{n}(\Phi_{1}),\varphi_{2}\in\Psi_{n}(\Phi_{2})},p\in P_{k}(e)\max$ $\sum$ $p$ ( k, $i$ ) {\mbox{\boldmath $\alpha$} $h_{n-1}$ (i, $\Phi_{1}-\Phi_{1}’$ ) $q_{i}$ ( $\varphi_{1}$ (i, $n$ ))
$i\in N(k,e)$
$+(1-\alpha)h_{n-1}(i, \Phi_{2}-\Phi_{2}’)q_{i}(\varphi_{2}(i, n))\}$
. $\log h_{n-1}$ $($ . $)$ $\log q;(\cdot)$ , $h_{n-1}$ ( i
$\rangle$
$\Phi’$ ) $qj$ (\mbox{\boldmath $\varphi$}(i, $n)$ ) $=\exp${ $\log h_{n-1}($ i $\rangle$ $\Phi’)+\mathrm{l}\mathrm{o}\mathrm{g}.q_{i}($ \mbox{\boldmath $\varphi$}(i, $n))$ }
{ $\Phi’,$ $\varphi$ (i, $n$ )} . .
$\geq,\min_{\Phi_{1}\varphi_{1}\in\Psi_{n}(),\varphi_{2}\in\Psi_{n}(\Phi_{2}’)}p\in P_{k}(\mathrm{e})\max$
$\sum_{j\in N(k,e)}p(k, i)h_{n-1}(i, \alpha(\Phi_{1}-\Phi_{1}’)+$
$(1-\alpha)(\Phi_{2}-\Phi\sim))$qi $(\alpha\varphi_{1}(i, n)+(1-\alpha)\varphi_{2}(i, n))$
$\varphi_{1}\in\Psi_{n}(\Phi_{1}’),$ $\varphi_{2}\in\Psi_{n}(\Phi_{2}’)$ $\alpha\varphi_{1}+(1-\alpha)\varphi_{2}\in\Psi_{n}(\alpha\Phi_{1}’+(1-\alpha)\Phi_{2}’)$ , $\Phi=\alpha\Phi_{1}+(1-$
$\alpha)\Phi_{2},$ $\Phi’=\alpha\Phi_{1}’+(1-\alpha)\Phi_{2}’$ , .
$\geq$
$\min_{\varphi\in\Psi_{\mathrm{n}}(\Phi)},p\in P_{k}(e)\max$
$\sum$ $p(k, i)h_{n-1}(i, \Phi-\Phi’)$ qi $(\varphi(i, n))$
$i$ : $N(k,e)$
$=$ $\rho_{n}$ $(k, e, \Phi, \Phi’)=\rho_{n}(k, e, \alpha\Phi_{1}+ (1-\alpha)\Phi_{2}, \alpha\Phi_{1}’+ (1-\alpha)\Phi_{2}’)$
, $\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $(\Phi, \Phi’)$ .
(26) , $\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $i$ $h_{n-1}$ ( i, $\Phi-\Phi’$ ) $q:(\varphi(.i, n))$ .
, $\log\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $i$ $\log$ { $h_{n-1}($ i, $\Phi-\Phi’)q$i $(\varphi$ ( $i,$ $n$ ))} , $i$
$\varphi$ , 3 , $\log\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ )
.
$\log\rho_{n}$
$(k, e_{i} \Phi, \Phi’)=\min_{\varphi\in\Psi_{n}(\Phi)p},\max_{k(\mathrm{e})}\in P$
$\sum$ $p(k, \cdot i)\log\{h_{n-1}(i, \Phi-\Phi’)q_{i}(\varphi(.i, n))\}$
$i$ 5N $(k,e)$
, $\log\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $(\Phi, \Phi’)$ .
, (38) .
$\log h_{n}$ $(k, e, \Phi)=$ $\min$ $\log\rho_{n}(k, e, \Phi, \Phi’)$
$\{\Phi’,0\leq\Phi’\leq\Phi\}$
$0\leq\alpha\leq 1,$ $\Phi_{1}>0,$ $\Phi_{2}>0$ ,
$\alpha\log h_{n}$ $(k, e, \Phi_{1})$ $=$
$\min_{0\leq\Phi_{1}’\leq\Phi_{1}}\alpha\log\rho_{n}(k,$ $e,$
$\Phi_{1}$ , $\Phi$D
$(1-\alpha)\log h_{n}(k, e, \Phi_{2})$ $=$
$\min_{0\leq\Phi_{\mathit{3}}’\leq\Phi_{2}}(1-\alpha)\log\rho_{n}(k, e, \Phi_{2}, \Phi\sim)$
, $0\leq\Phi_{1}’\leq\Phi_{1},0\leq\Phi_{2}’\leq\Phi_{2}$ $0\leq\alpha\Phi_{1}’+(1-\alpha)\Phi_{2}’\leq\alpha\Phi_{1}+(1-\alpha)\Phi_{2}$ ,
$\log\rho_{n}$ (k, $e,$ $\Phi,$ $\Phi’$ ) $(\Phi, \Phi’)$ .
$\alpha\log h_{n}(k, e, \Phi_{1})+$ $(1-\alpha)\log h_{n}(k, e, \Phi_{2})$
$\geq.\min_{\Phi_{1’}’\{(\Phi_{2}’)|0\leq\alpha\Phi_{1}’+(1-\alpha)\Phi_{2}’\leq\alpha\Phi_{1}+(1-\alpha)\Phi_{2}\}}$ { $\alpha\log\rho_{n}(k,$ $e,$ $\Phi_{1},$ $\Phi$D $+(1$ $-\alpha$) $\log\rho_{n}(k,$ $e,$ $\Phi_{2},$ $\Phi_{2}’$ )}
$\geq$ $\min$ $\log\rho_{n}(k,e, \alpha\Phi_{1}+(1-\alpha)\Phi_{7}., \alpha\Phi_{1}’+(1-\alpha)\Phi_{2}’)$
$\{(\Phi_{1}’,\Phi_{2}’]0\leq\alpha\Phi_{1}’+(1-\alpha)\Phi\sim\leq\alpha\Phi_{1}+(1-\alpha)\Phi_{2}\}$
$=$ nin $\log\rho_{n}$ (k, $e,$ $\alpha\Phi_{1}+(1$ $-\alpha$ ) $\Phi_{2}$ , $\Phi’$ ) $=\log h_{n}(k, e, \alpha\Phi_{1}+ (1-\alpha)\Phi 2)$
$\{\Phi’|0\leq\Phi’\leq\alpha\Phi_{1}+(1-\alpha)\Phi_{2}\}$
, $\log h_{n}$ (k, $e,$ $\Phi$ ) $\Phi$ . Q.E.D.
2 $\log h_{n}$ (k, $e,$ $\Phi$ ) $\Phi$ , (10)
$\log h_{n-1}(i, e-\mu(k, i), \Phi-\sum_{j}c_{j}\varphi(j, n))+\log q_{i}(\varphi(i, n))$
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{ $\varphi$ ( $i,$ $n$ ), $i\in N($k) $e)$ } .
$1o\mathrm{g}h_{n-1}$
$(i, e- \mu(k, i), \Phi-(\alpha\sum_{j}c_{j}\varphi(j, n)+(1-\alpha)\sum_{j}c_{j}\varphi’(j, n)))$
(66)
$=\log h_{n-1}$ ( $i,$ $e-\mu(k,$ $i),$ $\alpha(\Phi-$ I $c_{j}\varphi(j,$ $n))+(1-\alpha)(\Phi-$I $c_{j}\varphi’(j,$ $n))$ ) $)$ (67)
7 7
$\leq\alpha\log h_{n-1}$ ( $i,$ $e-$ u $(k,$ $i),$ $\Phi-\sum_{j}c_{j}\varphi$ (j, $n)$ ) $1(1- \alpha)\log h_{n-1}(i, e-\mu(k, i)\mathrm{J}\Phi-\sum_{j}c_{j}\varphi’(j, n))$ (68)
. , $h_{n-1}$ (i, $e-\mu$ ( $k,$ $i$ ), $\Phi-\sum_{j}c$j\mbox{\boldmath $\varphi$}(j, $n)$ ) $q_{i}$ ( \mbox{\boldmath $\varphi$}(i, $n)$ ) { $\varphi(i,$ $n$), $i\in N($k, $e)$ }
, (10) , 2 $\{p(k, i)\}$ $\{\varphi(i, n)\}$
[5]. $\text{ }$ , (37)
(38) , (39), (40) . ,
.















[1] $\mathrm{J}.\mathrm{M}$ . Danskin, The Theory of Max-Min, Springer-Verlag, N.Y., 1967.
[2] $\mathrm{A}.\mathrm{Y}$ . Garnaev, Search Games and Other Applications of Game Theory, Springer-Verlag, Tokyo, 2000.
[3] , , $\mathrm{R}$ 2003 ,
pp.334-335, 2003.
[4] , , 0 $\mathrm{R}$ 2004
, pp.352-353,2004.
[5] R. Hohzaki and K. Iida, A Solution for a Two Person ZerO-Sum Game with a Concave Payoff Function,
Nonlinear Analysis and Convex Analysis, World Science Publishing Co., London, pp.157-166, 1999.
169
[6] R. Hohzaki, K. Iida and T. Komiya, Discrete Search Allocation Came with Energy Constraints, Journal
of the Operations $Resea\cdot rch$ Society of Japan, 45 (1), pp.93-108, 2002.
[7] R. Hohzaki and $\mathrm{A}.\mathrm{R}$ . Washburn, An Approximation for a Continuous Datum Search Game with Energy
Constraint, JORSJ, 46(3), pp.306-318, 2003.
[8] G. Owen, Game Theory, Academic Press, N.Y., 1995.
[9] L. S. Shapley, Stochastic Games, Prvyceedings of the National Academy of Sciences of the U.S.A.,
39(1953) 1095-1100.
[10] $\mathrm{L}.\mathrm{D}$ . Stone, Theory of Optimal Search, pp.136-178, Academic Press, N.Y., 1975.
[11] $\mathrm{A}.\mathrm{R}$ . Washburn, Search-Evasion Game in a Fixed Region, Opemtions Research, 28, pp.1290-1298,
1980.
